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Guo [W. Guo, Eigenvalues of nonnegative matrices, Linear Alge-
bra Appl. 266 (1997) 261–270] sets the question: if the list Λ =
{λ1, λ2, . . . , λn} is symmetrically realizable (that is, Λ is the spec-
trum of a symmetric nonnegative matrix), and t > 0, whether or
not the listΛt = {λ1 + t, λ2 ± t, λ3, . . . , λn} is also symmetrically
realizable. In this paper we give an afﬁrmative answer to this ques-
tion in the case that the realizingmatrix is circulant or left circulant.
We also give a necessary and sufﬁcient condition for Λ to be the
spectrum of a nonnegative left circulant matrix.
© 2009 Elsevier Inc. All rights reserved.
1. Introduction
Thenonnegative inverse eigenvalueproblem (hereafterNIEP ) is theproblemofdeterminingnecessary
and sufﬁcient conditions for a list of complex numbers Λ = {λ1, λ2, . . . , λn} to be the spectrum of
an n × n entrywise nonnegative matrix A. If there exists a nonnegative matrix Awith spectrumΛ, we
shall say that Λ is realizable and that A is the realizing matrix. For n 5 the NIEP remains unsolved.
When the possible spectrumΛ is a list of real numbers we have the real nonnegative inverse eigenvalue
problem (RNIEP). A number of sufﬁcient conditions or realizability criteria for the existence of a solution
for the RNIEP have been obtained. For a comparison of these realizability criteria and a comprehensive
survey, see [2,3,13].
From the Perron–Frobenius Theory for nonnegativematrices, we have that if {λ1, λ2, . . . , λn} is the
spectrum of an n × n nonnegative matrix A then ρ(A) = max1 i n |λi| is an eigenvalue of A. This
eigenvalue is called the Perron root of A.

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If we additionally require the realizing matrix to be symmetric, we have the symmetric nonnegative
inverse eigenvalue problem (SNIEP). Both problems, RNIEP and SNIEP, are unsolved for n 5. They are
equivalent for n 4 (see [6]), but are different otherwise (see [8]). Several sufﬁcient conditions which
were ﬁrst obtained for the RNIEPhave later been shown to be sufﬁcient conditions for the SNIEP aswell.
Kellogg’s criterion [10] and Borobia’s criterion [1], for instance, were shown, respectively by Fiedler
[4] and Radwan [14], to imply symmetric realizability, and Soto’s criterion [17] was shown in [19] to
be also a symmetric realizability criterion. Recent results for the SNIEP has been obtained in [11,20].
In a paper by Guo [5], he proves the following relevant results:
Theorem 1 [5]. If the list of complex numbers Λ = {λ1, λ2, . . . , λn} is realizable, where λ1 is the Perron
root and λ2 ∈ R, then for any t  0 the list Λt = {λ1 + t, λ2 ± t, λ3, . . . , λn} is also realizable.
Corollary 1 [5]. Let Λ = {λ1, λ2, . . . , λn} be a realizable list of real numbers. Let t1 = ∑ni=2 |ti| with
ti ∈ R, i = 2, . . . , n. Then
Λt = {λ1 + t1, λ2 + t2, . . . , λn + tn}
is also realizable.
Moreover Guo [5] sets the following two questions:
Question 1. For any list Λ = {λ1, λ2, . . . , λn} symmetrically realizable, and t > 0, whether or not the
list Λt = {λ1 + t, λ2 ± t, λ3, . . . , λn} is also symmetrically realizable.
Question 2. Do complex eigenvalues of nonnegative matrices have a property similar to Theorem 1?
Itwas shownby Laffey ([12], 2005) andbyGuohimself ([7], 2007) thatQuestion 2has an afﬁrmative
answer. Question 1, however, remains open and it motivates the present work. In particular we give
an afﬁrmative answer to Question 1, in the case that the symmetric realizing matrix is a nonnegative
circulant matrix or it is a nonnegative left circulant matrix. The use of circulant matrices has been
shown to be very useful in the SNIEP (see [18,20]). By applying a constructive criterion given in [18],
weknow that the listΛ = {6, 1, 1,−4,−4}, for instance, is the spectrumof the symmetric nonnegative
circulant matrix
C =
⎡
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⎥⎥⎥⎥⎥⎥⎥⎥⎦
.
However, as far as we know, no other symmetric realizability criterion is satisﬁed by Λ.
Guo pointed out in [5] that the following result, due to Fiedler [4], is a special case of Question 1:
Theorem 2 [4]. If {α1,α2, . . . ,αm} and {β1,β2, . . . ,βn} are symmetrically realizable,α1 β1 and t  0,
then
{α1 + t,β1 − t,α2, . . . ,αm,β2, . . . ,βn}
is symmetrically realizable.
The paper is organized as follows: In Section 2 we introduce some notation, basic concepts and
results related with circulant and left circulant matrices. We consider, in Section 3, the SNIEP for left
circulantmatrices. Inparticularwegiveanecessaryandsufﬁcient condition for the list {μ1,μ2,μ3, . . . ,−μ3,−μ2} to be the spectrum of a symmetric nonnegative left circulant matrix. Similar results for
the NIEP for circulant matrices were obtained in [15,16]. In Section 4 we give a positive answer to
Question 1, in the case that the realizing matrix is symmetric nonnegative circulant or left circulant,
that is, we show that the result of Guo, Theorem 1, holds for symmetric nonnegative circulant and left
circulant matrices. In Section 5we show that there exist symmetric realizability criteria, for which the
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Guo Question 1 has an afﬁrmative answer. Finally in Section 6 we show two examples to illustrate the
results.
2. Circulant and left circulant matrices
Let c = [c0, c1, . . . , cn−1]T ∈ Cn.
In a circulant matrix (also called right circulant matrix)
C (c) =
⎡
⎢⎢⎢⎢⎢⎢⎢⎣
c0 c1 c2 · · · cn−1
cn−1 c0 c1 · · · cn−2
cn−2 cn−1 c0
. . .
...
...
. . .
. . .
. . . c1
c1 c2 · · · cn−1 c0
⎤
⎥⎥⎥⎥⎥⎥⎥⎦
each row is a cyclic shift of the above row to right. Then C(c) is totally deﬁned by its ﬁrst row.
Properties of the circulant matrices are very well known. We recall some of them here: Let ω =
exp
(
2π i
n
)
, i2 = −1. The eigenvalues of C(c) are
λj = c0 + c1ω(j−1) + c2ω2(j−1) + · · · + cn−2ω¯2(j−1) + cn−1ω¯(j−1) (1)
for j = 1, 2, . . . , n.
It follows that if C(c) is a real circulant matrix then
λ1 ∈ R and λ¯j = λn−j+2, j = 2, . . . ,
⌊
n + 1
2
⌋
, (2)
where  n+1
2
 is the largest integer not exceeding n+1
2
. The property in (2) gives a necessary condition
fora setof complexnumbersbe thespectrumofa real circulantmatrix.Avector=[λ1, λ2, λ3, . . . , λn]T∈ Cn is called conjugate-even vector if and only if (2) holds. We observe that if [λ1, λ2, . . . .., λn]T is a
conjugate-even vector and n = 2m + 2 then λm+2 ∈ R.
Let F = (fk,j) be with fk,j = ω(k−1)(j−1), 1 k, j n. The columns of F form an orthogonal basis of
eigenvectors of any n × n complex circulant matrix. Then we have
FT = F ,
FF = FF = nI and
 = Fc,
where  is the vector of eigenvalues of C(c). It follows that
c = 1
n
F (3)
and
C (c) =
(
1√
n
F
)
Λ
(
1√
n
F
)
, (4)
where
Λ =
⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣
λ1
λ2
λ3
. . .
λn−1
λn
⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦
.
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We deﬁne the permutation matrix Π =
[
1 0T
0 J
]
where J is the matrix with ones along the sec-
ondary diagonal and zeros elsewhere. Then
Π2 = I, FΠ = F = FΠ , ΠF = F = FΠ
and
Π = ¯
if and only if  = [λ1, λ2, . . . , λn]T is a conjugate-even vector. Moreover
F2 = nΠ.
In a left circulant matrix
CL (c) =
⎡
⎢⎢⎢⎢⎢⎢⎢⎣
c0 c1 c2 · · · cn−1
c1 c2 · · · cn−1 c0
c2
...
... cn−3
cn−1 c0 cn−3 cn−2
⎤
⎥⎥⎥⎥⎥⎥⎥⎦
each row is a cyclic shift of the above row to left. Observe that any left circulant matrix is a Hankel
matrix (a square matrix with constant skew diagonals). Note that if c is a real vector then CL(c) is a
real symmetric matrix and hence its eigenvalues are real numbers. Thus, a nonnegative left circulant
matrix is necessarily symmetric.
We observe that
CL (c) = ΠC (c) .
Hence
CL (c) = Π
(
1√
n
F
)
Λ
(
1√
n
F
)
,
where
Λ =
⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣
λ1
λ2
λ3
. . .
λ¯3
λ¯2
⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦
is the diagonal matrix whose diagonal entries are the eigenvalues of C(c). Therefore
CL (c) =
(
1√
n
F
)
Λ
(
1√
n
F
)
=
(
1√
n
F
)
ΠΛ
(
1√
n
F
)
. (5)
From (5) we see that CL(c) is similar to
ΠΛ =
⎡
⎢⎢⎢⎢⎢⎢⎢⎣
λ1
λ¯2
λ¯3
λ3
λ2
⎤
⎥⎥⎥⎥⎥⎥⎥⎦
.
Hence the eigenvalues of CL(c) are λ1 and the eigenvalues of the (n − 1) × (n − 1) matrix
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A =
⎡
⎢⎢⎢⎢⎢⎣
λ¯2
λ¯3
λ3
λ2
⎤
⎥⎥⎥⎥⎥⎦ .
Observe that trace(A) = 0 if n = 2m + 1 or trace(A) = λm+2 ∈ R if n = 2m + 2. We have
A2 =
⎡
⎢⎢⎢⎢⎢⎢⎢⎣
|λ2|2
|λ3|2
. . .
|λ3|2
|λ2|2
⎤
⎥⎥⎥⎥⎥⎥⎥⎦
.
It follows that theeigenvaluesofAare±|λ2|,±|λ3|, . . . ± |λm+1| ifn = 2m + 1and±|λ2|,±|λ3|, . . . ±|λm+1|, λm+2 if n = 2m + 2. Let us state this basic result in the following theorem.
Theorem 3 [9]. If c is a real vector then the eigenvalues of the left circulant matrix CL(c) are
λ1, |λ2| , |λ3| , . . . , |λm+1| ,− |λm+1| , . . . ,− |λ3| ,− |λ2|
whenever n = 2m + 1 or they are
λ1, |λ2| , |λ3| , . . . , |λm+1| , λm+2,− |λm+1| , . . . ,− |λ3| ,− |λ2|
whenever n = 2m + 2, where λ1, λ2, λ3, . . . , λ¯3, λ¯2 are the eigenvalues of C(c).
An immediate consequence is the following necessary condition.
Corollary 2. If the real numbers μ1,μ2, . . . ,μn are the eigenvalues of an n × n real left circulant matrix
then they can be arranged such that
μn−j+2 = −μj , j = 2, 3, . . . ,
⌊
n + 1
2
⌋
. (6)
3. SNIEP for left circulant matrices
In [15] it was given a necessary and sufﬁcient condition for a list of real numbers to be the spectrum
of a nonnegative circulantmatrix. In this sectionwe derive a necessary and sufﬁcient condition for the
existence of an n × n nonnegative left circulant matrix with prescribed spectrum. For this purpose,
we recall some previous results.
Lemma 1. LetΛ = {λ1, λ2, . . . , λn} be a list of complex numbers. Then, there exists a real circulantmatrix
with spectrumΛ if and only ifλ1, λ2, . . . , λn can be arranged as the components of a conjugate-even vector
λ.
Corollary 3. If = [λ1, λ2, . . . , λn]T is a real conjugate-evenvector thenc = 1n Fλ is a real conjugate-even
vector.
Let θ = [θ2, θ3, . . . , θm+1] ∈ Rm. We have the following relation between the eigenvalues of C(c)
and CL(c).
Corollary 4. If the list of real numbers μ1,μ2, . . . ,μn satisﬁes (6), that is,
{μ1,μ2,μ3, . . . ,μm+1,−μm+1, . . . ,−μ3,−μ2} if n = 2m + 1
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or
{μ1,μ2,μ3, . . . ,μm+1,μm+2,−μm+1, . . . ,−μ3,−μ2} if n = 2m + 2,
then, for any election of θ ∈ Rm, the list
{μ1,μ2 exp (iθ2) ,μ3 exp (iθ3) , . . . ,μ3 exp (−iθ3) ,μ2 exp (−iθ2)}
is the spectrum of a real circulant matrix C(c(θ)). Consequently, {μj}nj=1 is the spectrum of the real left
circulant matrix CL(c(θ)).
Proof. Since
[μ1,μ2 exp (iθ2) ,μ3 exp (iθ3) , . . . ,μ3 exp (−iθ3) ,μ2 exp (−iθ2)]T
is an conjugate-even vector, there exists a real circulant matrix C(c(θ)) with eigenvalues μ1,
μ2 exp(iθ2),μ3 exp(iθ3), . . . ,μ3 exp(−iθ3),μ2 exp(−iθ2). From Theorem 3, it follows that {μj}nj=1
is the spectrum of the real left circulant matrix CL(c(θ)). 
Since CL(c) = ΠC(c), then CL(c) is a nonnegativematrix if and only if C(c) is a nonnegativematrix.
Let λ = [λ1, λ2, . . . , λn]T be a complex conjugate-even vector. Let P be the set of permutations p on{λ2, λ3, . . . , λn} preserving the conjugate-even property, that is,
p
(
λj
) = λk if and only if p (λn−j+2) = λ¯k
for j = 2, 3, . . . , n.
We shall need the following result given in [15]:
Theorem4 [15].Letλ = [λ1, λ2, . . . , λn]T beacomplex conjugate-evenvectorand letλ1 max2 k n |λk|.
A necessary and sufﬁcient condition for Λ = {λ1, λ2, . . . , λn} to be the spectrum of some nonnegative
circulant matrix is λ1  λ0, where
λ0 = min
p∈P max0 k 2m
{−2∑m+1j=2 Rep (λj) cos 2k(j−1)π2m+1 −
−2∑m+1j=2 Imp (λj) sin 2k(j−1)π2m+1
}
whenever n = 2m + 1, or
λ0 = min
p∈P max0 k 2m+1
{−2∑m+1j=2 Rep (λj) cos k(j−1)πm+1 − (−1)k λm+2−
−2∑m+1j=2 Imp (λj) sin k(j−1)πm+1
}
whenever n = 2m + 2.
Let μ1 μ2  . . .μm+1  0 for n = 2m + 1 and let μ1 μ2  . . .μm+1  0,μm+2 ∈ R, for
n = 2m + 2. Let
Q = {q : q is a permutation on {2, 3, . . . ,m + 1}} .
Theorem 5. Let θ ∈ Rm. A necessary and sufﬁcient condition for
{μ1,μ2,μ3, . . . ,−μ3,−μ2}
to be the spectrum of a nonnegative left circulant matrix CL(c(θ)) is μ1 μ0(θ), where
μ0 (θ) = min
q∈Q max0 k 2m
{−2∑m+1j=2 μq(j) cos θq(j) cos 2k(j−1)π2m+1 −
−2∑m+1j=2 μq(j) sin θq(j) sin 2k(j−1)π2m+1
}
(7)
whenever n = 2m + 1, or
μ0 (θ) = min
q∈Q max0 k 2m+1
{−2∑m+1j=2 μq(j) cos θq(j) cos k(j−1)πm+1 − (−1)k λm+2−
−2∑m+1j=2 μq(j) sin θq(j) sin k(j−1)πm+1
}
(8)
whenever n = 2m + 2.
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Proof. Let θ be ﬁx. Let
C = {μ2 exp (iθ2) ,μ3 exp (iθ3) , . . . ,μ3 exp (−iθ3) ,μ2 exp (−iθ2)} .
Each permutation q ∈ Q deﬁnes a unique permutation p on C preserving the conjugate-even prop-
erty. Conversely, each permutation p on C preserving the conjugate-even property deﬁnes a unique
permutation q ∈ Q. The vector
 (θ) = [μ1,μ2 exp (iθ2) ,μ3 exp (iθ3) , . . . ,μ3 exp (−iθ3) ,μ2 exp (−iθ2)]T
is a conjugate-even vector and
μ1  max
2 jm+1μj = max2 jm+1
∣∣μj exp (iθj)∣∣ .
Moreover, for j = 1, 2, . . . ,m + 1, we have
Re
(
μj exp
(
iθj
)) = μj cos θj
and
Im
(
μj exp
(
iθj
)) = μj sin θj.
We apply Theorem 4 to (θ) to obtain that there exists a nonnegative circulant matrix C(c(θ))
having the spectrum
{μ1,μ2 exp (iθ2) ,μ3 exp (iθ3) , . . . ,μ3 exp (−iθ3) ,μ2 exp (−iθ2)}
if andonly ifμ1 μ0(θ)whereμ0(θ) is givenby (7) ifn = 2m + 1orμ0(θ) is givenby (8) ifn = 2m +
2. Finally, we apply Corollary 3, to conclude that μ1 μ0(θ) is a necessary and sufﬁcient condition
for the existence of the nonnegative left circulant matrix CL(c(θ)) having the spectrum
{μ1,μ2,μ3, . . . ,−μ3,−μ2} .
The proof is complete. 
Theorem 6. A necessary and sufﬁcient condition for
{μ1,μ2,μ3, . . . ,−μ3,−μ2}
to be the spectrum of a nonnegative left circulant matrix CL(c) is
μ1 μ0 = min
θ∈Rm μ0 (θ)
where μ0(θ) is as in (7) or (8).
Proof. It is an immediate consequence of Theorem 5. 
4. Guo perturbation for real circulant and left circulant matrices
In this section we give an afﬁrmative answer to Question 1, posed by Guo in [5], in the case in
which the realizing matrices are circulant or left circulant. As it was pointed out in the Introduction,
circulant matrices are very useful to deal with the SNIEP. In [18] it was given a necessary and sufﬁcient
condition for the existence of a solution to 5 × 5 SNIEP by circulant matrices and it was showed that
the list {6, 1, 1,−4,−4} is the spectrum of a symmetric nonnegative circulant matrix. However, as far
as we know, this list does not satisfy any other symmetric realizability criterion. We shall need the
following result given in [16], which we set here with its proof for the sake of completeness.
Lemma 2. If the spectrum of a real circulant matrix C is real then C is a symmetric matrix.
Proof. Let C(c) be an n × n real circulant matrix with real eigenvalues λ1, λ2, . . . , λn. Let
λ = [λ1, λ2, . . . , λn]T . Then Πλ = λ = λ and λ = Fc is a conjugate-even vector. Since Fc = Fc = λ
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we have FΠc = Fc = λ = Fc. Hence Πc = c. That is, cn−i = ci, i = 1, 2, . . . , n − 1, and C is a
symmetric matrix. 
4.1. Perturbation for a real circulant matrix
Let C(c) be an n × n nonnegative circulant matrix with eigenvalues{
λ1, λ2, λ3, . . . , λm+1, λ¯m+1, . . . , λ¯3, λ¯2
}
or{
λ1, λ2, λ3, . . . , λm+1, λm+2, λ¯m+1, . . . , λ¯3, λ¯2
}
if n = 2m + 1 or n = 2m + 2, respectively. Then
c = 1
n
Fλ 0,
where λ = [λ1, λ2, λ3, . . . , λ¯3, λ¯2]T . Let t  0 and θ ∈ R. Then the vector
λ˜ =
[
λ1 + 2t, λ2 ± t exp (iθ) , λ3, . . . , λ¯3, λ¯2 ± t exp (−iθ)
]T
is a conjugate-even vector and therefore the equation
c˜ = 1
n
Fλ˜
deﬁnes a real circulant matrix C(c˜). Let n = 2m + 1. Then we have
c˜ = 1
n
F
⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣
λ1
λ2
λ3
...
λ¯3
λ¯2
⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦
+ 1
n
F
⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣
2t
±t exp (iθ)
0
...
0
±t exp (−iθ)
⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦
= c + 1
n
F
⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣
2t
±t exp (iθ)
0
...
0
±t exp (−iθ)
⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

1
n
⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
2t (1 ± cos θ)
2t
(
1 ± cos
(
− 2π
n
+ θ
))
2t
(
1 ± cos
(
− 4π
n
+ θ
))
...
2t
(
1 ± cos
(
4π
n
− θ
))
2t
(
1 ± cos
(
2π
n
− θ
))
⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
 0.
Now, let n = 2m + 2 and
λ˜ =
[
λ1 + 2t, λ2 ± t exp (iθ) , λ3, . . . , λm+2, . . . , λ¯3, λ¯2 ± t exp (−iθ)
]T
.
602 O. Rojo, R.L. Soto / Linear Algebra and its Applications 431 (2009) 594–607
We have
c˜ = 1
n
Fλ˜ = c + 1
n
F
⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣
2t
±t exp (iθ)
0
...
0
±t exp (iθ)
⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

1
n
⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
2t (1 ± cos θ)
2t
(
1 ± cos
(
− 2π
n
+ θ
))
2t
(
1 ± cos
(
− 4π
n
+ θ
))
...
2t
(
1 ± cos
(
− 2mπ
n
+ θ
))
2t (1 ∓ cos (θ))
2t
(
1 ± cos
(
2mπ
n
− θ
))
...
2t
(
1 ± cos
(
4π
n
− θ
))
2t
(
1 ± cos
(
2π
n
− θ
))
⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
 0.
Let now λ˜ = [λ1 + t, λ2, λ3, . . . , λm+1, λm+2 ± t, λ¯m+1, . . . , λ¯3, λ¯2]. We have
c˜ = 1
n
Fλ˜
= c + 1
n
⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
1 1 1 · · · 1 · · · 1 1
1 ω¯ ω¯2
. . . −1 . . . ω2 ω
1 ω¯2 ω¯4
. . . 1
. . . ω4 ω2
...
. . .
. . .
. . . −1 . . . . . . . . .
1 −1 1 −1 . . . −1 1 −1
...
...
...
. . . −1 . . . . . . . . .
1 ω2 ω4 1
. . . ω¯4 ω¯2
1 ω ω2 −1 · · · ω¯2 ω¯
⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
t
0
...
0
±t
0
...
0
⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

1
n
⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣
2t or 0
0 or 2t
2t or 0
...
2t or 0
0 or 2t
⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦
 0.
We have derived the following theorem.
Theorem 7. Let Λ = {λ1, λ2, λ3, . . . , λ¯3, λ¯2} be the spectrum of an n × n nonnegative circulant matrix.
Let t  0 and θ ∈ R. Then
Λt =
{
λ1 + 2t, λ2 ± t exp (iθ) , λ3, . . . , λ¯3, λ¯2 ± t exp (−iθ)
}
is also the spectrum of an n × n nonnegative circulant matrix. Moreover, if n = 2m + 2, then
Λt =
{
λ1 + t, λ2, λ3, . . . , λm+1, λm+2 ± t, λ¯m+1, . . . , λ¯3, λ¯2
}
is also the spectrum of an n × n nonnegative circulant matrix.
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Clearly a similar argument can be applied if we perturb λk and λk instead of λ2 and λ2. Thus
Theorem 7 also holds in such a case. Therefore, by successive applications of Theorem 7, we have
Corollary 5. Let Λ = {λ1, λ2, λ3, . . . , λ¯3, λ¯2} be the spectrum of an n × n nonnegative circulant matrix.
Let t2, t3, . . . , tm+1, tm+2 be nonnegative numbers and let θ2, θ3, . . . , θm+1 be real numbers. Then
Λt =
{
λ1 + t, λ2 ± t2 exp (iθ2) , λ3 ± t3 exp (iθ3) , . . .
. . . , λ3 ± t3 exp (−iθ3) λ3, λ¯2 ± t2 exp (−iθ2)
}
,
where t = 2∑m+1j=2 tj , is also the spectrum of an n × n nonnegative circulant matrix. Moreover, if n =
2m + 2, then
Λt =
{
λ1 + t, λ2 ± t2 exp (iθ2) , λ3 ± t3 exp (iθ3) , . . . , λm+2 ± tm+2, . . .
. . . , λ¯3 ± t3 exp (−iθ3) , λ¯2 ± t2 exp (−iθ2)
}
,
where t = 2∑m+1j=2 tj + tm+2, is also the spectrum of an n × n nonnegative circulant matrix.
Since a nonnegative circulantmatrixwith real spectrum is symmetric,wehave the following result:
Corollary 6. Let Λ = {λ1, λ2, λ3, . . . , λ3, λ2} be the spectrum of an n × n symmetric nonnegative circu-
lant matrix. Let t  0. Then
Λt = {λ1 + 2t, λ2 ± t, λ3, . . . , λ3, λ2 ± t}
is also the spectrum of an n × n symmetric nonnegative circulant matrix. Moreover, if n = 2m + 2, then
Λt = {λ1 + t, λ2, λ3, . . . , λm+1, λm+2 ± t, λm+1, . . . , λ3, λ2}
is also the spectrum of an n × n nonnegative circulant matrix.
Proof. The result follows from Theorem 7 with θ = 0 and Lemma 2. 
As above, by successive applications of Corollary 6, we obtain
Corollary 7. Let Λ = {λ1, λ2, λ3, . . . , λ3, λ2} be the spectrum of an n × n symmetric nonnegative circu-
lant matrix. Let t2, t3, . . . , tm+1, tm+2 be nonnegative numbers. Then
Λt = {λ1 + t, λ2 ± t2, λ3 ± t3, . . . , λ3 ± t3, λ2 ± t2} ,
where t = 2∑m+1j=2 tj , is also the spectrum of an n × n symmetric nonnegative circulant matrix.Moreover,
if n = 2m + 2, then
Λt =
{
λ1 + t, λ2 ± t2, λ3 ± t3, . . . , λm+1 ± tm+1,
λm+2 ± tm+2, λm+1 ± tm+1, . . . , λ3 ± t3, λ2 ± t2
}
,
where t = t = 2∑m+1j=2 tj + tm+2, is also the spectrum of an n × n nonnegative circulant matrix.
4.2. Perturbation for a left circulant matrix
Suppose that
{μ1,μ2,μ3, . . . ,μm+1,−μm+1, . . . ,−μ2} , n = 2m + 1
or
{μ1,μ2,μ3, . . . ,μm+1,μm+2,−μm+1, . . . ,−μ2} , n = 2m + 2
is the set of eigenvalues of an n × n nonnegative left circulant matrix CL(c). Then CL(c) is a real
symmetric matrix. Wemay assume thatμj  0 for j = 2, 3, . . . ,m + 1. Let t  0. Let n = 2m + 1.We
want to prove that there exists an n × n nonnegative left circulant matrix with eigenvalues
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{μ1 + 2t,μ2 + t,μ3, . . . ,μm+1,−μm+1, . . . ,−μ2 − t} (9)
Since CL(c) 0, then C(c) = ΠCL(c) 0. The eigenvalues of C(c) are{
μ1,μ2 exp (iθ2) ,μ3 exp (iθ3) , . . . ,μm+1 exp (iθm+1) ,
μm+1 exp (−iθm+1) , . . . ,μ2 exp (−iθ2)
}
for some real θ2, θ3, . . . , θm+1. From Theorem 7, there exists a nonnegative circulant matrix C(c˜)with
eigenvalues{
μ1 + 2t,μ2 exp (iθ2) + t exp (iθ2) ,μ3 exp (iθ3) , . . . ,μm+1 exp (iθm+1) ,
μm+1 exp (−iθm+1) , . . . ,μ2 exp (−iθ2) + t exp (−iθ2)
}
.
From Theorem 3, the eigenvalues of the nonnegative left circulant matrix CL(c˜) are given by (9). In a
similarway,we can prove that there exists an n × n nonnegative left circulantmatrixwith eigenvalues
{μ1 + 2t,μ2 − t,μ3, . . . ,μm+1,−μm+1, . . . ,−μ2 + t}
and that, for n = 2m + 2, there exists an n × n nonnegative left circulant matrix with eigenvalues
{μ1 + 2t,μ2 ± t,μ3, . . . ,μm+1,μm+2,−μm+1, . . . ,−μ2 ∓ t} .
It remains to perturb the eigenvalue μm+2. The eigenvalues of the nonnegative circulant matrix C(c)
are {
μ1,μ2 exp (iθ2) ,μ3 exp (iθ3) , . . . ,μm+1 exp (iθm+1) ,μm+2,
μm+1 exp (−iθm+1) , . . . ,μ2 exp (−iθ2)
}
.
Therefore, from Theorem 7, there exists a nonnegative circulant matrix C(c˜) with eigenvalues{
μ1 + t,μ2 exp (iθ2) ,μ3 exp (iθ3) , . . . ,μm+1 exp (iθm+1) ,μm+2 ± t,
μm+1 exp (−iθm+1) , . . . ,μ2 exp (−iθ2)
}
.
Finally, we apply Theorem 3 and we see that the eigenvalues of CL(c˜) are
{μ1 + t,μ2,μ3, . . . ,μm+1,μm+2 ± t,−μm+1, . . . ,−μ2} .
Let us collect these results in the following theorem.
Theorem 8. LetΛ = {μ1,μ2,μ3, . . . ,−μ3,−μ2}be the spectrumof ann × nnonnegative left circulant
matrix. Let t  0. Then
Λt = {μ1 + 2t,μ2 ± t,μ3, . . . ,−μ3,−μ2 ∓ t}
is also the spectrum of an n × n nonnegative left circulant matrix. Moreover if n = 2m + 2, then
Λt = {μ1 + t,μ2, . . . ,μm+1,μm+2 ± t,−μm+1, . . . ,−μ2}
is also the spectrum of an n × n nonnegative left circulant matrix.
By successive applications of Theorem 8, we obtain
Corollary 8. LetΛ = {μ1,μ2,μ3, . . . ,−μ3,−μ2}be the spectrumofann × nnonnegative left circulant
matrix. Let t2, t3, . . . , tm+1, tm+2 be nonnegative numbers. Then
Λt = {μ1 + t,μ2 ± t2,μ3 ± t3, . . . ,−μ3 ∓ t3,−μ2 ∓ t2} ,
where t = 2∑m+1j=2 tj , is also the spectrum of an n × n nonnegative left circulant matrix. Moreover if
n = 2m + 2, then
Λt = {μ1 + t,μ2 ± t2, . . . ,μm+1 ± tm+1,μm+2 ± t,μm+1 ∓ tm+1, . . . ,−μ2 ∓ t2} ,
where t = 2∑m+1j=2 tj + tm+2, is also the spectrum of an n × n nonnegative left circulant matrix.
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5. More on the Guo Question 1
In this section we give a partial answer to Question 1 of Guo. We start by recalling the simple
sufﬁcient condition for the NIEP, given in [17], which we shall call S1 condition:
S1 : λ1 −λn −
∑
Sj<0
Sj , (10)
where Sj = λj + λn−j+1, j = 2, . . . ,  n2, with S n+12 = min{λ n+12 , 0} if n is odd. It was proved in [19]
that (10)alsoholds for symmetric realization. It is easy tosee thatS1conditionsatisﬁesQuestion1 in the
following sense: IfΛ = {λ1, λ2, . . . , λn} satisﬁes S1 condition, thenΛt = {λ1 + t, λ2 ± t, λ3, . . . , λn}
also satisﬁes S1 condition.
In [20] it was introduced the following symmetric realizability criterion, which contains S1–crite-
rion:
Theorem 9 (SRMB [20]). Let Λ = {λ1, . . . , λn} be a list of real numbers with λ1  λ2  · · · λn and, for
some r  n, let ω1, . . . ,ωr be real numbers satisfying 0ωk  λ1, k = 1, . . . , r. Suppose there exist
(i) a partition Λ = Λ1 ∪ · · · ∪ Λr , with Λk = {λk1, λk2, . . . , λkpk}, λ11 = λ1, λk1  0; and λk1 · · · λkpk , such that for each k = 1, . . . , r, the list Γk = {ωk , λk2, . . . , λkpk} is realizable by a sym-
metric nonnegative matrix of order pk , and
(ii) a symmetric nonnegative r × r matrix with eigenvalues λ11, λ21, . . . , λr1 and diagonal entries
ω1,ω2, . . . ,ωr .
Then Λ is realizable by an n × n symmetric nonnegative matrix.
In order that Theorem 9 works we need to show the existence of an r × r symmetric nonnegative
matrix, say B, with eigenvalues λ1, λ2, . . . , λr and diagonal entries ω1,ω2, . . . ,ωr . For r = 2, 3 there
exist the following necessary and sufﬁcient conditions given by Fiedler [4]:
Case r = 2 :
λ1 ω1
λ1 + λ2 = ω1 + ω2
}
(11)
Case r = 3 :
λ1 ω1
λ1 + λ2 ω1 + ω2
λ1 + λ2 + λ3 = ω1 + ω2 + ω3
λ2 ω1
⎫⎪⎪⎬
⎪⎪⎭ . (12)
Related to SRMB-symmetric realizability criterion we give the following partial answer to Question
1:
Theorem 10. Let Λ = {λ1, λ2, . . . , λn} be SRMB symmetrically realizable and let r = 2, 3 in Theorem 9.
Then Λt = {λ1 + t, λ2 ± t, λ3, . . . , λn} is also SRMB symmetrically realizable.
Proof. LetΛSRMB symmetrically realizablewith r = 2.ThenΛ = Λ1 ∪ Λ2 withΛ1 = {λ1, ∗, . . . , ∗},
Λ2 = {λ2, ∗, . . . , ∗}. Observe that λ2 can always be taken as the ﬁrst element in Λ2. Let
Γ1 = {ω1, ∗, . . . , ∗} and Γ2 = {ω2, ∗, . . . , ∗}
lists symmetrically realizable as in Theorem 9. There exists a 2 × 2 symmetric nonnegative matrix B
with eigenvalues λ1 = λ11 and λ2 = λ21 and diagonal entriesω1,ω2.Hence λ1  λ2; ω1 ω2 satisfy
the necessary and sufﬁcient condition (11). Let t  0. It is clear that λ1 + t, λ2 − t and ω1,ω2 satisfy
(11). Then there exists a 2 × 2 symmetric nonnegative matrix Bt with eigenvalues λ1 + t, λ2 − t and
diagonal entriesω1,ω2. Forλ1 + t, λ2 + twedeﬁneω1 + t,ω2 + t and condition (11) is also satisﬁed.
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Then there exists Bt , symmetric nonnegative, with eigenvalues λ1 + t, λ2 + t and diagonal entries
ω1 + t, ω2 + t. Hence, in both cases, Λt is SRMB symmetrically realizable.
Now, let r = 3 and let Λ be SRMB symmetrically realizable. Then Λ = Λ1 ∪ Λ2 ∪ Λ3 with
Γi = {ωi, ∗, . . . , ∗}, i = 1, 2, 3
symmetrically realizable. There exists a 3 × 3 symmetric nonnegative matrix B with eigenvalues
λ1, λ2, λ3 and diagonal entries ω1,ω2,ω3, which must satisfy conditions (12).
It is clear that λ1 + t, λ2 − t, λ3 and ω1,ω2,ω3 satisfy conditions (12). It is also clear that
λ1 + t, λ2 + t, λ3 and ω1 + t,ω2 + t,ω3
satisfy conditions (12). Therefore, in both cases, there exists a 3 × 3 symmetric nonnegative matrix Bt
with the required eigenvalues and diagonal entries. Thus, Λt is SRMB symmetrically realizable. 
6. Examples
Example 1. In [20] it was shown thatΛ = {7, 5, 1, 1,−4,−4,−6} is SRMB symmetrically realizable (by
a nonnegative matrix) with the partitionΛ = Λ1 ∪ Λ2, where Λ1 = {7,−6}, Λ2 = {5, 1, 1,−4,−4},
with associated symmetrically realizable lists
Γ1 = {6,−6}, Γ2 = {6, 1, 1,−4,−4}.
Then Λt = {7 + t, 5 ± t, 1, 1,−4,−4,−6} is SRMB symmetrically realizable. In particular Γ = {8, 4, 1,
1,−4,−4,−6} is SRMB symmetrically realizable.
Example 2. Since the list Λ = {6, 1, 1,−4,−4} is symmetrically realizable by a circulant matrix (see
Section 1), then for t  0 the list
Λt = {6 + 2t, 1 ± t, 1 ± t,−4,−4}
is also realizable by a symmetric circulant matrix. In particular
Γ = {7, 1
2
, 1
2
,−4,−4} is symmetrically realizable by a circulant matrix.
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